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Robust Nonlinear Control of a Hypersonic Aircraft

Qian Wang¤ and Robert F. Stengel†

Princeton University, Princeton, New Jersey 08544

For the longitudinal motion of a hypersonic aircraft containing 28 inertial and aerodynamic uncertain pa-
rameters, robust � ight control systems with nonlinear dynamic inversion structure are synthesized. The system
robustness is characterized by the probabilityof instability and probabilities of violationsof 38 performance crite-
ria, subject to the variations of the uncertain system parameters. The design cost function is de� ned as a weighted
quadratic sum of these probabilities. The control system is designed using a genetic algorithm to search a design
parameter space of the nonlinear-dynamic-inversionstructure. During the search iteration, Monte Carlo evalua-
tion is used to estimate the system robustness and cost function. This approach explicitly takes into account the
design requirements and makes full use of engineering knowledge in the design process to produce practical and
ef� cient control systems.

Nomenclature
a = speed of sound, ft/s
CD = drag coef� cient
CL = lift coef� cient
CM (q) = pitching moment coef� cient due to pitch rate
CM ( a ) = pitching moment coef� cient due to angle of attack
CM ( d E) = pitching moment coef� cient due to elevator

de� ection
CT = thrust coef� cient
c̄ = reference length, 80 ft
D = drag, lbf
h = altitude, ft
Iyy = moment of inertia, 7 £ 106 slug-ft2

J = cost function
L = lift, lbf
M = Mach number
Myy = pitching moment, lbf-ft
m = mass, 9375 slugs
q = pitch rate, rad/s
RE = radius of the Earth, 20,903,500 ft
r = radial distance from Earth’s center, ft
S = reference area, 3603 ft2

T = thrust, lbf
V = velocity, ft/s
a = angle of attack, rad
a 0 = angle of attack at trim condition, 0.0315 rad
c = � ight-path angle, rad
d E = elevator de� ection, rad
d T = throttle setting, %/100
¸ = vector relative degree
l = gravitational constant, 1.39 £ 1016 ft3/s2

º = aerodynamic uncertain parameters vector
q = density of air, slugs/ft3

I. Introduction

H YPERSONIC � ight is very sensitive to changes in � ight con-
dition. Furthermore, due to the dif� culty in measuring atmo-

spheric properties and estimating aerodynamic characteristics, it is
important that the � ight control system be robust.

Stochastic robustness analysis1,2 deals with system parametric
uncertainty in a probabilistic way. This approach estimates the
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likelihood of system instability and violation of performance re-
quirements subject to variations in the probabilistic system param-
eters. After choosing an appropriatecontroller structure, stochastic
robust control synthesis3 ¡ 7 is used to search the design parameter
space to minimize a cost that is a function of the probabilities that
design criteria will not be satis� ed. The framework of stochastic
robustness analysis and design can accommodate a wide variety of
problems, applicable to systems that are linear or nonlinear,time in-
variant or time varying.Stochastic robust linear designs of a bench-
mark problem are presented in Refs. 3–5. Robust nonlinear control
synthesis of a simple system with two masses connectedby a cubic
spring is investigated in Ref. 6.

This paper is part of a continuingeffort to developpracticalmeth-
ods for the design of robust � ight control systems. In Ref. 7, the
linear-quadratic (LQ) stochastic robust control law is designed for
a hypersonicaircraft. In this paper, we combine nonlinear dynamic
inversion (NDI) with stochastic robustness to produce the control
system for this hypersonicaircraft. NDI has drawn considerableat-
tention over the last two decades.8 ¡ 10 Control laws that are based
on NDI of the aircraft model offer the potential for providing im-
proved levels of performanceover linear � ight controldesigns.This
is due to the more accuraterepresentationof the forcesand moments
that arise in response to large state and control perturbations.These
control laws also allow speci� c state variables to be commanded
directly, and remain valid over the entire � ight envelope without
requiring gain scheduling.

In Sec. II, a brief review of the general theoryof stochasticrobust-
ness and NDI is given. Section III describes the hypersonic aircraft
model, and Sec. IV de� nes the corresponding design metrics. In
Sec. V, we design a stochastic robust NDI control for the hyper-
sonic aircraft. Performance analysis of the control system is given
in Sec. VI.

II. General Theory of Stochastic Robustness and NDI
A. Stochastic Robustness

Denote a plant structure as H (v), where v is a vector of varying
plant parameters selected randomly throughoutthe parameterspace
V, re� ecting the expected distribution pr(v). Stochastic robustness
characterizesa compensatorC (d) with d as the design parameter, in
terms of the probabilities that the closed-loop system will have un-
acceptable stability and performance when subjected to parametric
uncertainties. For each design requirement on stability or perfor-
mance, de� ne the corresponding binary indicator function I [¢ ] as
one if H (v) and C(d) form an unacceptablesystem and as zero oth-
erwise. Then for each design requirement, the probabilityof design
requirement violation P can be de� ned as the integral of the cor-
responding indicator function over the expected system parameter
space:

P(d) =

Z

V

I[H (v), C(d)]pr(v) dv (1)
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The stochastic robustness cost function J (d) is formalized by
combining the probabilities for different kinds of design require-
ments with certain tradeoffs:

J (d) = f[P1(d), P2(d), . . .] (2)

The goal is to � nd the optimal controller parameter d ¤ that mini-
mizes the cost function J .

In most cases, Eq. (1) cannot be integrated analytically. Monte
Carlo evaluation (MCE)11 is a practical and � exible alternative to
estimate the probabilities.The estimates of the probability and cost
based on N samples are

P̂(d) =
1
N

NX

k = 1

I[H (vk ), C(d)] (3)

Ĵ (d) = f[P̂1(d), P̂2(d), . . .] (4)

The estimated cost Ĵ approaches the actual cost J in the limit as
N ! 1 . For a � nite N , because the probabilities de� ned are all
binary variables,with the outcomeof a trial taking one of two possi-
ble values (acceptableor unacceptable) for each MCE, the binomial
test can be applied to determine exact con� dence intervals for the
estimates of the probabilities. Reference 2 provides the formula to
compute the lower boundand upperboundof thecon� denceinterval
for the MCE correspondingto any speci� ed con� dence coef� cients.

B. NDI
Dynamic inversion uses nonlinear full-state feedback to glob-

ally linearizedynamics of selectedcontrolledvariables.Linear con-
trollers can then be designed to regulate these variables with desir-
able closed-loop dynamics.

Consider a nonlinear system with the same input and output di-
mensions,

Çx = f (x) + G(x)u, G(x) =[ g1(x), g2(x), . . . , gm(x)] (5)

y = h(x) (6)

where f andg j ( j = 1, 2, . . . , m ) are smoothvector � elds on < n , and
h is a smooth function mapping < n ! < m . The inverse dynamics
of Eqs. (5) and (6) are constructed by differentiating the individual
elements of y a suf� cient number of times until a term containing a
control element appears.

Denote theLie derivativesof the functionhi with respect to vector
� elds f and g j as

L f h i =
@h i (x)

@x
f(x) (7)

Lk
f h i = L f

¡
L k ¡ 1

f hi

¢
(8)

and

Lg j hi =
@hi (x)

@x
g j (x) (9)

For each h i , de� ne k i as the smallest integer such that at least one
j 2 {1, 2, . . . , m} satis� es

Lg j

¡
L k i ¡ 1

f hi

¢
6= 0 (10)

Therefore, for the i th component of y, we have

Çyi = L f hi +
mX

j = 1

¡
Lg j h i

¢
u j = L f hi (11)

ÿi = L2
f h i +

mX

j = 1

Lg j (L f hi )u j = L2
f hi (12)

...

y ( k i )
i = L k i

f h i +
mX

j = 1

Lg j

¡
L k i ¡ 1

f hi

¢
u j (13)

After differentiating k i times of each output element yi , the output
dynamics can be represented as

y[ k ] =

2

66664

y( k 1)
1

y( k 2)
2
...

y( k m )
m

3

77775
=

2

666664

L k 1
f h1

L k 2
f h2

...

L k m
f hm

3

777775

+

2

66664

Lg1 L k 1 ¡ 1
f h1 Lg2 L k 1 ¡ 1

f h1 ¢ ¢ ¢ Lgm L k 1 ¡ 1
f h1

Lg1 L k 2 ¡ 1
f h2 Lg2 L k 2 ¡ 1

f h2 ¢ ¢ ¢ Lgm L k 2 ¡ 1
f h2

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
Lg1 L k m ¡ 1

f hm Lg2 L k m ¡ 1
f hm ¢ ¢ ¢ Lgm L k m ¡ 1

f hm

3

77775
u

(14)

or

y[ k ] = f ¤ (x) + G ¤ (x)u (15)

¸ = ( k 1 , k 2, . . . , k m ) is called the vector relative degree at x0 if
Lg j L

k
f h i (x) =0, 0 ·k · k i ¡ 2, for any x in the neighborhood of

x0, and G ¤ (x0 ) is nonsingular.De� ne the feedback control law as

u = ¡ [G ¤ (x)] ¡ 1f ¤ (x) + [G ¤ (x)] ¡ 1v (16)

with v as the new control input. Then the output dynamics take the
integrator-decoupledform

y[¸] = v (17)

Furthermore, if

mX

i = 1

k i = n

the nonlinear coordinate transformation & = T (x) can be chosen
such that the original system, Eqs. (5) and (6), is linearized exactly:

| i
1 = hi

| i
2 = L f hi

...

| i
c i

= L k i ¡ 1
f h i (18)

where i = 1, 2, . . . , m . We state the dynamic equations of the trans-
formed system in canonical form,

Ç| i
1 = | i

2

Ç| i
2 = | i

3
...

Ç| i
k i

= L k i
f h i +

mX

j = 1

Lg j

¡
L k i ¡ 1

f hi

¢
u j = vi (19)

where i =1, 2, . . . , m. For the decoupled linear systems, Eq. (19),
we can design each vi , i =1, 2, . . . , m, separately, combining all of
them in Eq. (16) to give the nonlinear control law u.

Note that G ¤ (¢ ) needs to be nonsingular for vector relative de-
gree to be well de� ned. If this is not the case, the system can be
dynamically extended by adding integrators to certain input chan-
nels, producinga well-de� ned vector relativedegree.8 In this paper,
integrators have been added to the engine throttle setting to ensure
that the vector relative degree is well de� ned.

If
mX

i = 1

k i < n

Eq. (18) quanti� es only a partial set of coordinates for transforma-
tion. In that case, stability of the system, Eqs. (5) and (6), depends
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not only on the output dynamics, Eq. (17), but also on the stability
of zero dynamics, as noted in Ref. 8. For our application

mX

i = 1

k i = n

and there are no zero dynamics.

III. Mathematical Model of a Hypersonic Aircraft
Consider the longitudinal � ight control of a hypersonic aircraft

cruising at a Mach number of 15 and at an altitude of 110,000 ft
(Refs. 7 and 12). The dynamic equations are

ÇV = (T cos a ¡ D) / m ¡ l sin c / r 2 (20)

Çc = (L + T sin a ) / (mV ) ¡ [( l ¡ V 2r) cos c ]/ (V r 2) (21)

Çh = V sin c (22)

Ça = q ¡ Çc (23)

Çq = Myy / Iyy (24)

where

L = 1
2
q V 2SCL (25)

D = 1
2
q V 2SCD (26)

T = 1
2
q V 2SCT (27)

The thrust coef� cient CT is a function of throttle setting d T :

CT =

(
m 160.0105

£
1 ¡ m 17164( a ¡ a 0)2

¤
(1 + m 1817/ M)(1 + m 190.15) d T if d T < 1

m 160.0105
£
1 ¡ m 17164( a ¡ a 0)2

¤
(1 + m 1817/ M)(1 + m 190.15 d T ) if d T ¸ 1 (28)

where a 0 takes the trim value 0.0315 rad and

Myy = 1
2
q V 2 Sc̄[CM ( a ) + CM ( d E) + CM (q)] (29)

r = h + RE (30)

The aerodynamic coef� cients and inertial data are given in Ap-
pendix A. Interpolation by lookup tables or spline � ts could be
used for precise simulation. We have used relatively simple func-
tions to � t the data around the nominal cruising condition. Here,
28 inertial and aerodynamic parameters (identi� ed in Appendix
A) are assumed to be uncertain. Each parameter is multiplied by
an element of the uncertainty vector º that is assumed to follow

Table 1 Stability and performance metrics for a hypersonic aircraft

Metric number Weight in J Indicator function Design requirement

1 10.0 Ii System stability
2 (3) 0.1 (1.0) IV ,T s25 (IV ,T s50) 10% settling time less than 25 s (50 s)
4 (5) 0.1 (1.0) IV , R25 (IV , R50) 90% rise time less than 25 s (50 s)
6 0.1 IV , Re v No reversal of response in V before peaking
7 (8) 0.1 (1.0) IV , D5 (IV , D10 ) 10% dwell time less than 5 s (10 s)
9 (10) 0.1 (1.0) IV ,O S10 (IV ,O S20) Overshoot less than 10% (20%)
11 (12) 0.1 (1.0) IV , D a 0.5 (IV , D a 1) Maximum change in a less than 0.5 deg (1 deg)
13 (14) 0.1 (1.0) IV ,g1 (IV ,g2) Maximum load factor less than 1 g (2 g)
15 (16) 0.1 (1.0) IV , D h0.25 (IV , D h0.5 ) Maximum change of h less than 0.25% (0.5%)
17 (18) 0.1 (1.0) IV , d T 50 (IV , d T 100 ) Maximum change in thrust less than 50% (100%)
19 (20) 0.1 (1.0) IV , d E5 (IV , d E10 ) Maximum change in d E less than 5 deg (10 deg)
21 (22) 0.1 (1.0) Ih,T s50 (Ih ,T s100 ) 10% settling time less than 50 s (100 s)
23 (24) 0.1 (1.0) Ih , R50 (Ih , R100) 90% rise time less than 50 s (100 s)
25 0.1 Ih, Re v No reversal of response in h before peaking
26 (27) 0.1 (1.0) Ih , D10 (Ih , D20) 10% dwell time less than 10 s (20 s)
28 (29) 0.1 (1.0) Ih ,O S20 (Ih , O S40 ) Overshoot less than 20% (40%)
30 (31) 0.1 (1.0) Ih, D a 0.5 (Ih , D a 1 ) Maximum change in a less than 0.5 deg (1 deg)
32 (33) 0.1 (1.0) Ih,g1 (Ih ,g2 ) Maximum load factor less than 1 g (2 g)
34 (35) 0.1 (1.0) Ih , D V 0.25 (Ih, D V 0.5) Maximum change of V less than 0.25% (0.5%)
36 (37) 0.1 (1.0) Ih , d T 50 (Ih , d T 100 ) Maximum change in thrust less than 50% (100%)
38 (39) 0.1 (1.0) Ih, d E5 (Ih , d E10) Maximum change in d E less than 5 deg (10 deg)

a normal distribution with a mean of 1 and a standard deviation
of 0.1. At the trimmed cruise condition (M =15, V =15,060 ft/s,
h = 110,000ft, a = 0.0315 rad, d T =0.183, d E = ¡ 0.0066rad, and
T =4.6853 £ 104 lbf), a linearized model of the nominal open-
loop dynamicshas eigenvaluesof ¡ 0.8, 0.687, ¡ 0.0001 § 0.0263 j ,
and 0.0008. The � rst two eigenvalues represent a statically unsta-
ble short-period mode, the complex pair of eigenvalues portrays a
lightly damped phugoidmode, and the last real eigenvalueindicates
a mildly unstable height mode. Consequently,cruising � ight would
be subject to attitude and height divergence that would require sta-
bilizing feedback control.

IV. Stability and Performance Metrics
Three aspectsof � ightcontrolrobustnessare of concernin this de-

sign: stability,performancein velocity command response,and per-
formance in altitude command response. The command responses
are initiatedat the trimmed condition.State historiesof the aircraft’s
nonlinear response to the velocity and altitude commands are eval-
uated for stability and performance. Table 1 lists 39 stability and
performancemetrics that characterizethe responses to a step veloc-
ity commandchange of 100 ft/s and a step altitude command change
of 2000 ft. The indicator functions with subscripts V and h denote
the metrics for velocity and altitude command responses.

The cost function chosen to guide the design is a weighted
quadratic sum of the 39 probabilities of design requirement vio-
lation:

J =
39X

j = 1

w j P2
j (31)

As indicated in Table 1, the stability weight w1 is chosen as 10,
the weight for each less-demandingperformancemetric is selected
as 1, and the weight for each more-demanding performance metric
is 0.1.

V. Stochastic Robust NDI Control Law
First,we considerthenominaldynamicsof thehypersonicaircraft

with velocity and altitude commands:

ycom =

³
V

h

´
(32)
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Integral compensation is used to minimize the steady-state error of
the command response; hence,

VI =

Z t

0

[V ( s ) ¡ V ¤ ] ds (33)

and

h I =

Z t

0

[h( s ) ¡ h ¤ ] d s (34)

where V ¤ and h ¤ are the commanded values.
In this controlexample,dynamicextensionensures that the vector

relativedegree is well de� ned.We assumethat enginedynamics take
a second-order form,

¨d T = k1 Çd T + k2 d T + k3 d Tcom (35)

where choosing k1 = k2 =0 and k3 = 1 provides a suitable model.
By augmenting the state variables as

x1 =

2

4
VI

V

c

3

5 , x2 =

2

664

d T

h I

h

a

3

775 , x3 =

³
Çd T

q

´
(36)

f ¤ =

"
(1/ m) x 1z̈0 + (1/ m) ÇzT X 2 Çz

3V̈ Çc cos c ¡ 3 ÇV Çc 2 sin c + 3 ÇV ¨c cos c ¡ 3V Çc ¨c sin c ¡ V Çc 3 cos c +
£
(1/ m) x 1 z̈0 + (1/ m) ÇzT X 2 Çz

¤
sin c + V cos c

¡
p 1 z̈0 + ÇzT P 2 Çz

¢
#

(47)

G ¤ =

³
(Td T cos a / m) d Tcom [(Ta cos a ¡ T sin a ¡ D a ) / m] ¨a d E

[Td T sin( a + c ) / m]d Tcom {[T cos( a + c ) + Ta sin( a + c ) + L a cos c ¡ D a sin c ]/ m}¨a d E

´
(48)

and de� ning the control vector as

u =

³
d Tcom

d E

´
(37)

the aircraft equations of motion can be put into a triangular form,

Çx1 = f1(x1, x2), Çx2 = f2(x1, x2 , x3)

Çx3 = f3(x1 , x2 , x3) + G3(x1 , x2 , x3)u (38)

The output dynamic equation (15) is derivedby differentiatingV
three times and h four times. Using the notation

zT = [V c a d T h] (39)

we have

ÇV = (T cos a ¡ D) / m ¡ l sin c / r 2

V̈ = (1/ m) x 1 Çz,
...
V = (1/ m)

¡
x 1 z̈ + ÇzT X 2 Çz

¢
(40)

and

Çh = V sin c , ḧ = ÇV sin c + V Çc cos c
...
h = V̈ sin c + 2 ÇV Çc cos c ¡ V Çc 2 sin c + V ¨c cos c

h (4) =
...
V sin c + 3V̈ Çc cos c ¡ 3 ÇV Çc 2 sin c + 3 ÇV ¨c cos c

¡ 3V Çc ¨c sin c ¡ V Çc 3 cos c + V ...
c cos c (41)

where

¨c = p 1 Çz, ...
c = p 1z̈ + ÇzT N 2 Çz (42)

The vectors !1, ¼1 and matrices X 2, N 2 are given in Appendix B.

From Eq. (39), we have z̈T =[V̈ ¨c ¨a ¨d T ḧ]. In terms of Eqs.
(23), (24), and (35), we separate the second derivatives of angle
of attack a and throttle setting d T into control-independent and
control-dependentparts:

¨a = ¨a 0 + ¨a d E d E (43)

¨d T = ¨d T0 + ¨d Tcom d Tcom (44)

where ¨a d E represents the � rst derivative of ¨a with respect to d E ,
and ¨d Tcom represents the � rst derivativeof ¨d T with respect to d Tcom.
Therefore, z̈ can be written as

z̈T = [V̈ ¨c ¨a 0
¨d T0 ḧ]

+ [d Tcom d E ]¢
³

0 0 0 ¨d Tcom 0

0 0 ¨a d E 0 0

´
= z̈T

0 + uT z̈T
u (45)

By Eqs. (40) and (41), the outputdynamicequationcan be written
as

³ ...
V

h (4)

´
= f ¤ (x) + G ¤ (x)u (46)

where

The determinant of G ¤ is

det(G ¤ ) =
¡
Td T

¨d Tcom ¨a d E
| m2

¢
cos c (T + L a cos a + D a sin a )

(49)

where L a , D a , and Ta denote the partial derivatives of L , D, and
T with respect to the angle of attack a and Td T denotes the partial
derivative of T with respect to the throttle setting d T . The non-
singular condition for G ¤ can be represented as

det(G ¤ ) 6= 0 , (T + L a cos a + D a sin a ) cos c 6= 0 (50)

Therefore, G ¤ is nonsingular unless the � ight path is vertical or
(T + L a cos a + D a sin a ) = 0. If G ¤ is nonsingular and u is cho-
sen as Eq. (16), the output dynamics can be written in decoupled-
integrator form ³

V (3)

h(4)

´
=

³
v1

v2

´
(51)

By assuming desired command rates as zero, and using Eqs.
(40) and (41), we de� ne a nonlinear coordinate transformation,
n = T1(x, V ¤ ) and g = T2(x, h ¤ ), as

n 1 =

Z t

0

[V ( s ) ¡ V ¤ ]d s , n 2 = V ¡ V ¤

n 3 = ÇV , n 4 = V̈

and

g 1 =

Z t

0

[h( s ) ¡ h ¤ ]d s , g 2 = h ¡ h ¤

g 3 = Çh, g 4 = ḧ, g 5 =
...
h (52)

This results in decoupled subsystems

Ç» = A1» + b1v1 (53)
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where

A1 =

2

664

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

3

775 , b1 =

2

664

0

0

0

1

3

775 (54)

and

Ḉ = A2´ + b2v2 (55)

where

A2 =

2

66664

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0

3

77775
, b2 =

2

66664

0

0

0

0

1

3

77775
(56)

For the transformedlinear systems,Eqs. (53) and (55), we design the
new inputs v1 and v2 as linear-quadraticcontrol laws. Considering
intermediate objective functions

J1 =

Z 1

0

¡
»T Q1» + r1v2

1

¢
dt (57)

and

J2 =

Z 1

0

¡
´T Q2´ + r2v

2
2

¢
dt (58)

the new input v1 is derived by minimizing J1 subject to Eq. (53):

v1 = ¡ r ¡ 1
1 bT

1 P1» (59)

P1 is thepositive-de�nite solutionto theRiccatiequationwith design
parameters Q1 and r1 ,

AT
1 P1 + P1A1 ¡ r ¡ 1

1 P1b1bT
1 P1 + Q1 = 0, (Q1, r1 > 0) (60)

Similarly, minimizing J2 subject to Eq. (55) gives

v2 = ¡ r ¡ 1
2 bT

2 P2´ (61)

P2 is thepositive-de�nite solutionto theRiccatiequationwith design
parameters Q2 and r2 ,

AT
2 P2 + P2A2 ¡ r ¡ 1

2 P2b2bT
2 P2 + Q2 =0, (Q2, r2 > 0) (62)

The nonlinear control law u is obtained by inserting v =[v1 v2]T

into Eq. (16):

u = ¡ [G ¤ (x)] ¡ 1f ¤ (x) + [G ¤ (x)] ¡ 1

³
¡ r1bT

1 P1»

¡ r2bT
2 P2´

´
(63)

Figure 1 illustrates the structure of this NDI control law.
Considering the system robustness subject to the variations of

the uncertain aerodynamic parameters de� ned in Appendix A, ap-
propriate Q1 , r1 , Q2 , and r2 in the intermediate objective func-
tions are found by minimizing the stochastic robustness cost func-
tion [Eq. (31)]. For simplicity, we choose the design parameters

Fig. 1 NDI control law structure.

Q1 =diag{q1 , q2, q3, q4} and Q2 =diag{q5, q6, q7 , q8 , q9}, and the
design parameter vector is

d = {q1 , q2 , . . . , q9 , r1, r2} (64)

Satisfactory values of the eleven design parameters in Eq. (64) are
computed by applying a genetic algorithm (GA) to a Monte Carlo
simulationof thehypersonicaircraft,which is basedon Eqs. (20–30)
and the uncertainty models contained in Appendix A. The discrep-
ancy between the Monte Carlo estimate and the true value results
in apparent noise in the evaluation of the cost function. Further-
more, the cost function is multimodal, having large plateau areas
and corners, and so traditional gradient-based search algorithms
can become stuck in local minima and cannot escape from large
plateau areas in the cost function.

The GA13 is a randomized global optimizationmethod that deals
with the design parameter vectors as though they are the chromo-
somes of biologicalorganismsthat are competing for survival.Each
element in the design parameter vector is represented by a binary
number sequence, and the elements are concatenated to compose a
single chromosome. There are four operations in each generation
of the chromosome evolution: evaluation, selection, crossover, and
mutation.The initial populationis formedby randomlygeneratinga
number of chromosomes.The � tness of each chromosome is evalu-
ated by Monte Carlo simulation, and high-� tness chromosomes are
selected to survive to the next generation.Chromosomeswith lower
cost J have higher � tness. The selected chromosomes are paired
randomly and subjected to crossover, in which the tails of a pair
of chromosomes are swapped at a random point along the binary
sequence with probability ranging from 0.6 to 1. After crossover,
the binary number sequence in each chromosome may be mutated
with some very low probability (usually less than 0.1). Mutation,
in which a binary number of the chromosome is � ipped from 0 to
1 or from 1 to 0, allows the algorithm to continue considering pa-
rameter vectors throughout the design space, even as the algorithm
is converging to a high-� tness design vector.

VI. Results and Stochastic Robustness Analysis
of Final Design

The design parameter vector Eq. (64), found by the genetic algo-
rithm after 20 generations, is given as

d = {8.54 £ 10 ¡ 6 , 0.34, 0.86, 47.93, 1.1 £ 10 ¡ 11 , 2.35 £ 10 ¡ 3,

0.52, 220.6, 57.12, 0.89, 1.05} (65)

The performance for the nominal closed-loop system is shown in
Figs. 2 and 3. Figure 2 shows the response due to a 100-ft/s step-
velocity command from the trimmed condition (V =15,060 ft/s,
h = 110,000 ft). The velocity converges to the command value in
30 s with little change in altitudeand with a changeof angleof attack
of less than 0.06 deg. Note that the use of thrust is unrealistically
high, as there are limits to the thrust available. The example will be
rerun with revised design weights in the future. Nevertheless, the
example illustrates the effectivenessof the design approach for the
speci� ed criteria. Figure 3 shows the velocity, altitude change, and
control input time histories to a 2000-ft step-altitudecommand.The
altitude converges to the command value in 75 s, with a change of
angle of attack of less than 0.5 deg. Figures 2 and 3 demonstrate
that the nominal system has good performance.
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Fig. 2 Response with NDI controller to a 100-ft/s step-velocity command.

Fig. 3 Response with NDI controller to a 2000-ft step-altitude command.

Two thousandMCEs of the control design with the controllerpa-
rameter presented in Eq. (65) show that the cost, Eq. (31), of NDI
equals 1.23 compared to 1.72 for LQ.7 The closed-loop probability
of instability of NDI equals zero with a 95% con� dence interval
of (0, 0.0018). Figure 4 shows the robustness pro� les of this non-
linear design NDI compared to the robustness pro� les of the linear
design LQ. As indicated in Table 1, metric 1 represents the prob-
ability of instability, metrics 2–20 represent the 19 performance
metrics de� ned for velocity command response, and metrics 21–39
represent the performance metrics for altitude command response.
Figure 4 shows that the NDI design has 5–56% lower probability
of exceeding settling time than the LQ design (metrics 2, 3, 21, and
22), 15–80% lower probability of exceeding rise time (metrics 4,
5, 23, and 24), and 10–90% lower probability of exceeding dwell
time (metrics 7, 8, 26, and 27). The NDI design has also reduced the

probability of load factor exceedance by more than 80% compared
to the LQ design (metrics 13, 14, 32, and 33).

However,NDI has larger probabilityof controleffort exceedance
corresponding to metric 18, IV , d T 100 , and metric 36, Ih, d T 50 , due to
the possibility that NDI may cancel some useful nonlinearities.Fur-
thermore, in Eqs. (57) and (58), the weights r1 and r2 penalize large
inputs v1 and v2 instead of penalizing thrust directly as in LQ. We
can see that NDI performs better than LQ in metric 19 (20), IV , d E5

(IV , d E10 ), and metric 38 (39), Ih , d E5 (Ih , d E10). The robustnesspro� les
can be adjustedby changingthe weights in the robustnesscost func-
tion. For example, tradeoffsbetween using less thrust and accepting
longer rise time or putting heavy weight on Ph,T s to decrease the
probability of settling time exceedance are examined easily. The
NDI controllerwill be demonstrated over the entire � ight envelope
in future work, illustrating the value of this nonlinear approach.
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Fig. 4 Comparison of the robustness pro� les of the stochastic robust control based on LQ regulator and NDI structure.

VII. Conclusions
In thispaper,we havedesignedrobustnonlinearcontrol laws for a

hypersonicaircraft that combine the eleganceof NDI, which is valid
over the entire � ight envelope, with the directness and � exibility of
MCE and numerical search. This combination allows the NDI to be
robustto uncertainparameters.The exampleconsideredin this paper
has 39 stability and performancedesign requirements and is subject

CT =

8
<

:
m 160.0105

£
1 ¡ m 17164( a ¡ a 0)2

¤
(1 + m 1817/ M )(1 + m 190.15) d T if d T < 1

m 160.0105
£
1 ¡ m 17164( a ¡ a 0)2

¤
(1 + m 1817/ M )(1 + m 190.15d T ) if d T ¸ 1 (A10)

to 28 uncertain system parameters. Other robust synthesis methods
would � nd such a design formidable, whereas the stochastic robust
nonlinear control design given in this paper shows good perfor-
mance and robustness pro� les. It has reduced design cost by 30%
compared to the LQ design. The method should � nd widespread
practical application because it is well matched to ful� lling design
requirements that are expressed in conventional engineering terms,
and it makes full use of the information contained in high-� delity
system models and simulations. As a simulation-based method for
design and analysis, it directly addresses central issues for control
system certi� cation.

Appendix A: Aerodynamic Coef� cients
and Atmospheric Model

The aerodynamic coef� cients are � tted to the data around the
nominal cruising condition. Here, 28 inertial and aerodynamic pa-
rameters are assumed to be uncertain,with m i (i =1, 2, . . . , 28) de-
noting an element of the uncertainty vector º:

m = m 1m0 (A1)

Iyy = m 2 I0 (A2)

S = m 3S0 (A3)

c̄ = m 4 c̄0 (A4)

a = m 5

¡
m 68.99 £ 10 ¡ 9h2 ¡ m 79.16 £ 10 ¡ 4h + 996

¢
(A5)

M = V /a (A6)

q = 0.00238e ¡ h / m 824000 (A7)

CL = m 9 a (0.493 + m 101.91/ M) (A8)

CD = m 110.0082
¡
m 12171a 2 + m 131.15 a + 1

¢

£
¡
m 140.0012M2 ¡ m 150.054M + 1

¢
(A9)

where a 0 takes the trim value 0.0315 rad.

CM ( a ) = m 2010 ¡ 4(0.06 ¡ e ¡ m 21 M / 3) £
¡
¡ m 226565a 2

+ m 236875a + 1
¢

(A11)

CM (q) = (c̄/2V )q m 24( ¡ m 250.025M + 1.37)

£
¡
¡ m 266.83a 2 + m 270.303a ¡ 0.23

¢
(A12)

CM ( d E) = m 280.0292( d E ¡ a ) (A13)

Appendix B: Command Variable Derivatives
The vectors !1, ¼1, and matrices X 2 , N 2 in the differentiationof

the command variables V and h are given hereafter. LV , L a , and
Lh denote the � rst-order derivatives of the lift with respect to the
velocity, angle of attack, and altitude; LV V , LV a , L a a , . . . , denote
the second-order derivatives. Derivatives for drag D and thrust T
are represented in the same way:

x T
1 =

2

66664

TV cos a ¡ DV

¡ m l cos c /r 2

Ta cos a ¡ T sin a ¡ D a

Td T cos a

Th cos a ¡ Dh + (2m l sin c / r 3)rh

3

77775
(B1)

X 2 = [ x 21 x 22 x 23 x 24 x 25] (B2)
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where

x 21 =

2

66664

TV V cos a ¡ DV V

0

TV a cos a ¡ TV sin a ¡ DV a

TV d T cos a

TV h cos a ¡ DV h

3

77775
(B3)

x 22 =

2

666664

0

m l sin c / r 2

0

0

(2m l cos c / r 3)rh

3

777775
(B4)

x 23 =

2

66664

TV a cos a ¡ TV sin a ¡ DV a

0

Ta a cos a ¡ 2Ta sin a ¡ T cos a ¡ D a a

Ta d T cos a ¡ Td T sin a

Ta h cos a ¡ Th sin a ¡ D a h

3

77775
(B5)

x 24 =

2

66664

TV d T cos a

0

Ta d T cos a ¡ Td T sin a

Td T d T cos a

Td T h cos a

3

77775
(B6)

x 25 =

2

666664

TV h cos a ¡ DV h

(2m l cos c / r 3)rh

Ta h cos a ¡ Th sin a ¡ D a h

Td T h cos a

Thh cos a ¡ Dhh ¡ (6m l sin c / r 4)r 2
h

3

777775
(B7)

p T
1 =

2
666666666666664

L V + TV sin a

mV
¡

L + T sin a

mV 2
+

l cos c

V 2r 2
+

cos c

r

l sin c

Vr 2
¡

V sin c

r

L a + Ta sin a + T cos a

mV

Td T sin a

mV

Lh + Th sin a

mV
+

2 l cos c

V r 3
rh ¡

V cos c

r 2
rh

3
777777777777775

(B8)

N 2 = [ p 21 p 22 p 23 p 24 p 25] (B9)

where

p 21 =

2

6666666666666664

LV V + TV V sin a

mV
¡

2(LV + TV sin a )
mV 2

+
2(L + T sin a )

mV 3
¡

2 l cos c

V 3r 2

¡
l sin c

V 2r 2
¡

sin c

r

LV a + TV a sin a + TV cos a

mV
¡

L a + Ta sin a + T cos a

mV 2

TV d T sin a

mV
¡

Td T sin a

mV 2

LV h + TV h sin a

mV
¡

Lh + Th sin a

mV 2
¡

2l cos c

V 2r 3
rh ¡

cos c

r 2
rh

3

7777777777777775

(B10)

p 22 =

2

666664

¡ l sin c / (V 2r 2) ¡ sin c / r

l cos c / (V r 2) ¡ V cos c / r

0

0

¡ (2 l sin c / (Vr 3))rh + (V sin c /r 2)rh

3

777775
(B11)

p 23 =

2

6666666666664

LV a + TV a sin a + TV cos a

mV
¡

L a + Ta sin a + T cos a

mV 2

0
L a a + Ta a sin a + 2Ta cos a ¡ T sin a

mV

Ta d T sin a + Td T cos a

mV

L a h + Ta h sin a + Th cos a

mV

3

7777777777775

(B12)

p 24 =

2

666664

TV d T sin a / (mV ) ¡ Td T sin a / (mV 2)

0

(Ta d T sin a + Td T cos a ) / (mV )
Td T d T sin a / (mV )

Td T h sin a / (mV )

3

777775
(B13)

p 25 =
2
666666666666664

LV h + TV h sin a

mV
¡

Lh + Th sin a

mV 2
¡

2l cos c

V 2r 3
rh ¡

cos c

r 2
rh

¡
2 l sin c

Vr 3
rh +

V sin c

r 2
rh

L a h + Ta h sin a + Th cos a

mV

Td T h sin a

mV

Lhh + Thh sin a

mV
¡

6 l cos c

V r 4
r 2

h +
2V cos c

r 3
r 2

h

3
777777777777775

(B14)
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